Chaotic mixing by oscillating a Stokeslet in a circular Hele-Shaw micro uidic device is presented in this article. Mathematical modeling for the induced ow motions by moving a Stokeslet along the x-axis is derived using Fourier expansion method. The solution is formulated in terms of the velocity stream function. The model is then used to explore di erent stirring dynamics as function of the Stokeslet parameters. For instance, the e ects of using various oscillation amplitudes and force strengths are investigated. Mixing patterns using Poincaré maps are obtained numerically and have been used to characterize the mixing e ciency. Results have shown that, for a given Stokeslet's strength, e cient mixing can be obtained when small oscillation amplitudes are used. The present mixing platform is expected to be useful for many of biomicro uidic applications.
Introduction
Micro uidic devices for mixing purposes have recently gained a great attention due to the current revolution of nanotechnology, drug delivery, point-of-care biosystems, and single cell analyses. These devices are typically made of simple micromachined channels with either square or semi-circular crosssections. However, due to fabrication constrains and costs, some of these devices are fabricated from polydimethylsiloxane (PDMS) and covered by a glass plate forming a class of plate-like circular microdevice. When the height to the diameter ratio is very small, these devices are expected to resemble the micro Hele-Shaw con gurations.
E cient mixing in Hele-Shaw like micro uidic devices is a challenge due to the low Reynolds number ow topology, which is normally found at this length scale regime. Additionally, the ow associated with these microdevices are typically free from inertial e ects and from any other complex vortexstretching/folding mechanisms. Therefore, these devices can not be used directly for mixing purposes without applying some sort of external active means to improve its mixing capability [1] . Recently, several novel mixing enhancement techniques are proposed to overcome this drawback [2] [3] [4] [5] [6] [7] [8] . For example, many of these active-mixing ideas rely on using some sort of variable geometrical patterns, this is of course will be limited by the existing fabrication tools. Other techniques o er the use of "chaotic advection" concepts, which can be achieved by applying a set of external active forces such as, electric and/or magnetic elds to induce proper mixing.
Chaotic advection concept for mixing purposes was rstly proposed by H. Aref [9] , where he demonstrated the concept theoretically by using two blinking point vortices. The approach have been proven to be an e cient mixing platform and it is not restricted to potential or laminar ows only [10] [11] [12] [13] . As a matter of fact, it has been shown that it works even in the Stokes ow regime [13] . This conclusion was supported mainly by the experimental study by Chaiken et al., [14] , where they show that chaotic patterns can also exist in a Stokes ow. Their results were then used to support the hypothesis of applying chaotic advection principles at the low Reynolds number ow regime. Several follow up studies were performed to establish mixing by this principle including but not limited to; i)using source-sink ow elements [15] , ii) using an oscillating point vortex [16] in an irrotational ow , and iii) by using a blinking rotlet to stir a Stokes ow [17] .
In general, the use of chaotic advection concept for mixing purposes becomes a very well established technique in the literature [6, [19] [20] [21] [22] [23] . Moreover, it has been validated by several studies, which have shown to be very useful protocol for mixing in many of micro uidic applications. A review article that summarizes the development and the use of this approach in various elds and applications in given [18] .
In this paper, a novel approach based on the chaotic advection theory is proposed to study mixing at the Stokes ow regime by oscillating a Stokeslet along the x-axis of a Hele-Shaw circular device. The e ects of Stokeslet's oscillation amplitudes and force strengths on the mixing e ciency are explored in details using concepts from nonlinear dynamics.
Mathematical Modeling
Consider a mixing scenario in a Hele-Shaw like micro uid device. The device having a circular shape of radius R and very small hight h << R. Assuming that, a Stokeslet (point force) of a strength σ is positioned initially (i.e., t = 0) at point (b = −A, θ = ) and is used to induce chaotic mixing in this device. The Stokeslet is allowed to oscillate harmonically only along the x-axis by varying its location b(t) = −A cos( πt/T), where A, f and T=1/f are the amplitude, frequency, and the time period of the oscillations respectively. The Stokeslet's axis is taken to be aligned with the positive x-direction. A schematic of the Hele-Shaw mixing setup is shown in Fig.1(a) .
The oscillation of this Stokeslet is expected to induce dynamical ow motions with periodic or chaotic trajectories. The ow xed points in the context of dynamical systems are expected to change their locations and alternate accordingly in response to the instantaneous Stokeslet position and strength parameters. Therefore, di erent topological chaotic patterns can potentially exist in this setup. Therefore, this setup can be potentially used as a mixing platform for many of circular-cell shape micro udic devices.
In general, the uid motion con ned within this device is assumed to be Newtonian, two-dimensional, incompressible, and follows the Stokes ow regime. The equations that govern this particular scenario along with the solution are given below. Firstly, we let the velocity eld (ur , u θ ) be written in terms of the stream function ψ(r, θ) as,
It should be noted that, the ow induced by a Stokeslet in an unbounded domain is known. However, the solution for a bounded domain is not know yet and it will be derived in this section for the the rst time. In other words, herein we derive a novel solution for the ow eld induced by a Stokeslet in a circular cell as follow. Let's decompose the velocity stream function for a Stokeslet that is placed inside a circle domain into two components
where ψo(r, θ) describes the ow eld by a Stokeslet in an unbounded domain and ψ (r, θ) accounts for the presence of a circular boundary. It should be mentioned that both stream functions ψo&ψ must satisfy the biharmonic equation ∆ψ = , where ∆ represents the Laplacian operator. An expression for the base (uncon ned) velocity stream function ψo is well known in the literature [24] which can be given as,
Secondly, by following the same approach of [17] , an expression for the stream function ψ can be derived using the Fourier expansion method. Recall that, the total stream function must vanish at the boundary i.e., ψ(r = R, θ) = . In other words, the velocity components must satisfy the no-slip and non-penetration boundary conditions at r = R. Therefore, ψ can take the following Fourier series form,
The coe cient An&Bn can be determined by applying the following boundary conditions at r = R,
This also can be written in terms of the stream functions, at r = R we must satisfy these conditions,
Recall the following trigonometric series,
After several algebraic manipulations (not shown herein ), the nal expression for the total stream function can be given as
Moreover, if we introduce the following non-dimensional parameters, r = r/R,
, substituted back into the above equations, and drop the "hat" symbol for convenience,the nal total non-dimensional stream function can be written as
where, b = −A cos( πt). The above stream function is used to calculate the velocity streamlines which show the ow eld patterns induced by a Stokeslet con ned in a Hele-Shaw circular region Fig.1(b) . Finally, we use the Lagrangian approach to represent the above equation in a nite dimensional dynamical system. This system can be used to describe the uid motion, where an observer can track an individual 
These snapshots are given at T=10 for two blobs contain (50x50) particles distributed uniformly at T=0 around (x = -0.5 , y = ± 0.2).
uid parcel as it moves through space and time. Once the ow eld is obtained using the above derived stream function, the time evolution of trajectories for each individual passive particle can be simply evaluated by,
where u and v are the velocity components derived directly from equation (10) . Due to the non-linearity in the system, the evolving time integral of these passive particles will be sensitive to initial conditions and can exhibit chaotic behavior. This chaotic responses can actually be used to asses the mixing e ciency of the proposed Hele-Shaw micro uidic setup under consideration herein.
Results and Discussions
Nonlinear systems with chaotic trajectories are known to be sensitive to the initial conditions. Dynamic classi cations of these trajectories are important for stirring mechanisms. For instance, N-Periodic situation is de ned simply when particles start initially at (xo, yo, t = o) and return back to same initial positions after N-periods (xo, yo, N * T). Unlike the periodic behaviour, Chaotic motions are totally distinguished from periodic situation where, particles that start from well de ned initial positions can reach to unpredictable nal destinations after N-periods. To measure mixing e ciency and the system dynamical responses, we use Poincaré section which simply obtained by sampling passive particles trajectory data (represented by dotpoints) after N f -period of time, i.e., t = NT , N=1, 2 .., N f . Where N f is the total number of cycles used. A good mixing is achieved when chaotic patterns represented by "dots" occupying the entire setup without any voids.
In this section, the chaotic advection concept described above is used to asses the mixing e ciency in the setup shown by Fig.1(a) . Various chaotic patterns as a function of the system parameters are generated and characterized using the parcel tracking, time series responses, and Poincaré maps. Speci cally, the e ect of both Stokeslet's strength magnitude σ and the initial position A parameters on the time-evolution of several passive uid particles that are governed by the above dynamical system equation (11) is investigated. These particular parameters have found to produce interesting chaotic patterns which are then can serve as guide to induce mixing with high speci city. Details of the used numerical method and the corresponding results are given in the following subsection.
. Numerical simulations
The sensitivity of the system to model parameters such as (A&σ) are investigated and have been used to reveal the inherent dynamic behavior of the system. These parameters and their associated value ranges that are responsible for inducing chaotic responses were determined numerically. Speci cally, we have used a grid composed of 50 x 50 points in the (σ,A) plane to study the system response. At each grid point we calculated the Lyapunov exponent to determine the onset of chaos. A system is considered to be chaotic if and only if, the Lyapunov exponent attains a positive value i.e., all neighboring motions diverge exponentially from the equilibrium points. The governing equations (11) were then integrated in time using the standard Runge˘Kutta scheme with a xed time step dt = 1/fs and a sampling frequency fs = 10000 Hz were used. We run multiple cycles (N f =10000). The rst 3000 cycles were ignored in the analysis to avoid transient e ects. Data were analyzed using time series as well as the Poincare maps, which is a well-known technique to characterize the behavior of dynamical systems in the two-dimensional phase plane.
In our analysis, the Poincare section was rst chosen to satisfy the condition ((x, y, t)| t(mod T) = to). The Poincare map was then obtained by nding the intersections of solutions of the system with the Poincare section, which was then used to classify the system responses. For instance, if motion is periodic, then its Poincare map shows only a nite number of points (a single point corresponds to a period-1 behavior; 2 points correspond to period-2 motions, etc.). However, when motion becomes chaotic (non-periodic but bounded responses), the corresponding Poincare map contains in nite number of points. Results that highlight the chaotic scenarios in the context of mixing are provided below.
. E ect of the Stokeslet strength
Lagrangian tracking for parcels of passive tracers (mass-less particles) advected by an oscillatory Stokeslet located initially along the x-axis at A = . i.e., (b = -0.5) with di erent strengths σ = , , , are given in Fig.2(a-d) respectively. Snapshots sample results are given at T=10 for two blobs contain (50x50) particles which are distributed uniformly at T=0 around (x = -0.5 , y = ± 0.2). These particle tracking results suggest that, when a point force (Stokeslet) with a high value of strength is used; a potential of achieving an e cient (proper) mixing can be obtained faster when compared with a Stokeslet with small strengths. Although, the particle tracking approach can not be used as a measure for e cient mixing, however the approach can still be used to investigate the parameter used to obtain enhanced mixing environment. Therefore, other mixing measures are indeed required such as Poincaré maps.
In Fig. 3 we show Poincaré maps obtained by a single Stokeslet located initially at point b(t = ) = − . i.e., A = . . The Stokeslet position is then allowed to oscillate harmonically with b = −A cos( πt) around its initial position. The Stokeslet strength is then varied in the range of σ ∈ ( , ).
Results have shown that, there exist chaotic patterns that ll most of the device circular cell area (i.e., full of dots). However, there are also large islands of elliptical-like trajectories (area is empty of dots). These patterns are symmetric around the x-axis due to the nature of the velocity streamlines shown by Fig. 1(b) . In other words, particles start in the upper half of the cell form chaotic patterns in this half and never visit the lower half of the cell and vice-versa. Therefore, we will focus our discussions in explaining patterns in one-half of the cell. For example, in Fig.3(a) , a large chaotic region (indicates a good mixing) exists in addition to a semi-circular regular island or a non chaotic region (poor mixing in this area). This regular region composed of several orbits which normally correspond to quasi-periodic behavior with a xed point inside it. As the Stokeslet strength σ increases, the observed non-chaotic semi-circular island changes its geometrical patterns to take various shapes such as; a quasi-parallelepiped, an elliptical, and a triangular region as shown by Figs.3(b,c,d ) respectively. Although, these non-chaotic regions form geometrical shapes, they actually do not have smooth paths around its exterior edges. It seems that, when σ increases, the shape of these regular patterns change and the residence region size decreases.
In addition to the Poincaré maps, the time integral responses for di erent values of σ = , , & are also obtained and shown in Fig. 4 (a-d) respectively. These results clearly con rm the occurrence of chaotic behavior at all the simulated cases. However, there are some regions where the time series exhibits a periodic or quasi-periodic response between the onset of chaos. This probably indicates that, the chaos is not persistence and explains the existence of the above mentioned non-chaotic regions i.e., islands with imperfect mixing.
Results from this section suggest that, the Stokeslet strength parameter σ in uences the dynamics of the uid particles located in the neighborhood of the stagnation points. As σ increases, these areas that exhibit poor mixing shrinks in size but never completely disappears. Therefore, there exist another parameter that we should vary in order to enhance mixing such as; the Stokeslet's initial position itself.
. E ect of the Stokeslet initial position
Similarly, the Lagrangian particle tracking approach is used again to study the e ect of the Stokeslet's initial positions (oscillation amplitude) on the mixing e ciency. Similar number and locations of initial particles were used. Particle distributions after ten simulation cycles (i.e., T=10) for "A = 0.4, 0.3, 0.2, 0.1" are shown In Fig 5(a-d) respectively. These results suggest that, when the Stokeslet (with a xed strength) is placed closer to the Hele-Shaw device's center, a better blob distribution might be achieved. Thus, a better mixing can be obtained by using this con guration as it will be shown using the standard Poincaré sections. Finally, in Fig. 6 we show Poincaré sections for situations where the Stokeslet strength has been assigned to a constant value of σ = , while its initial position A has been varied. Results indicate that, the symmetry of Poincaré maps around x-axis is still preserved, but better mixing is achieved. A large global chaotic region with an elliptical or hexagonal-like shape of non chaotic patterns are formed. In addition, there exists a set of several circular small empty islands around the main non chaotic region that surround the stagnation point.
As the Stokeslet initial position A reduced, i.e., the Stokeslet is placed closer to the cell origin, the observed non-chaotic hexagonal shape Fig.6(a) changes to a quasi-trapezoidal pattern as shown in Fig.6(b) , and its occupying region shrinks in size attaining smaller islands of unde ned geometrical shape as shown in Fig.  6(c) . When the position A = . is used, a full region of chaotic trajectories (e cient mixing) is achieved as shown in Fig.6(d) and no more void or non-mixed regions exist. These results conclude that, when a point force (Stokeslet) with a nite strength having a value of σ = and is allowed to oscillate near to the origin of a circular hele-Shaw like micro uidc device, an e cient mixing can be obtained.
Conclusions
Chaotic mixing is achieved by oscillating a Stokeslet in a circular Hele-Shaw micro uidic device. The ow eld of this particular mixing platform is assumed to be governed solely by the classical Stokes equations. An expression for the velocity stream function is obtained analytically using Fourier expansion method. The Lagrangian representation to a parcel of passive particles in the form of a dynamical system is given. The system is then integrated numerically where chaotic patterns as a function of the Stokeslet initial positions and strengths are obtained using Poincaré maps. Results have shown that, e cient mixing can be obtained by chaotic paths induced by the oscillatory motions around the initial position of a Stokeslet with a speci c strength parameter. The presented stirring approach is expected to be useful in many of chemical and biomedical applications where proper mixing of di erent species is important.
